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Abstract

We show that under the assumption of Artin’s Primitive Root Con-
jecture, for all primes p there exist ordinary elliptic curves over E (z)
with arbitrary high rank and constant j-invariant. For odd primes p,
this result follows from a theorem which states that whenever p is a
generator of (Z/¢Z)* /(—1) (£ an odd prime) there exists a hyperelliptic
curve over F, whose Jacobian is isogenous to a power of one ordinary
elliptic curve.
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1 Introduction

Let E be an elliptic curve over a field L. For various choices of L, it is known
that F(L) is a finitely generated group. This is the case if, for example,

e L is a number field (by the Mordell-Weil Theorem, see [17], [24]), or
more generally

e L is finitely generated over its prime field (see [19]), or

e [ is the function field of an algebraic variety over a field k, and F is

not isogenous (over L) to an elliptic curve which can be defined over
k (see [12]).

One might ask how large the rank of F(L) can get if one fixes L and
varies E. If char(L) = 0 then it is a well known open problem whether this
rank is bounded or not in any of the above cases. But if char(L) is positive,
there are some results. In the following table we list some cases for which it
is known that the rank can get arbitrary large.
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’ L \ J-invariant \ ord. / ss. \ authors ‘
Fy () constant | supersingular see e.g?vgllllkli(ezoggb 2, [4]
F,(x) constant | supersingular Shafarevich and Tate
p odd (1967), [20]

follows from Gaudry, Hess and
F(z) constant ordinary Smart (2002) et al., [6], [14],
(see this paper)

F(z) B.D.S., assuming Artin’s

P constant ordinary Primitive Root Conjecture
p odd (see this paper)

F,(z) nOn-Const. Shioda (1986), [21], (for F,(x)),

Ulmer (2002), [23]

Let L be the function field of a (smooth, projective, geometrically ir-
reducible) curve C' over some field k with C(k) # (. Let E be an elliptic
curve over k. It is well known that there is a close relationship between
rank(E(L)/E(k)) and the number of factors of E in the Jacobian J¢ of C.
Clearly, E(L) ~ Mory(C,E). Let some point P € C(k) be fixed. Then
E(L)/E(k) is isomorphic to Mory((C, P),(E,)), the group of morphisms
sending P to the zero O € FE(k). This group in turn is isomorphic to
Homy(Jo, E). Let Jo ~ E" x A for some r € N and some abelian variety A
that does not have E as a factor. Then the Q-vector space Homg(Jc, E)is
isomorphic to HomY(E", E) ~ Hom(E, E)". So the rank of E(L)/E(k) is
equal to r - rank(Endg(F)).

If C is a hyperelliptic curve, and k(z) is the rational quadratic subfield
of L, then one can consider the twist E™ist of Ej(z) with respect to the
extension L|k(x). The action of the non-trivial element in Gal(L|k(x)) on
E(L)®zQ induces a decomposition into eigenspaces

E(L) @z Q = E(k(z))©2Q ® E™ (k(z))®2Q.

Together with E(k(z)) = E(k) this implies that rank(E™s'(k(x))) =
rank(E(L)/E(k)) = r - rank(Endg(E)). So one can construct high rank
elliptic curves over k(z) if one can construct hyperelliptic curves over k with
a high factor E" in the Jacobian. In [20] such curves are given over prime
fields k of odd characteristic. These are supersingular and give rise to the
second line of the table. In [4] this construction is done over finite fields
of characteristic 2, and the Mordell-Weil groups are studied in great detail.
The present paper deals with the case of ordinary curves over finite fields.

In [6] a new approach to attack the discrete-logarithm problem in the
group of rational points of an elliptic curve over a non-prime finite field is
given (see also [8], [14]). The interest of the authors of [6] lies within the
realm of cryptology but their construction also gives rise to the following
theorem which implies the fourth line of the table (see Section 2 for a proof).
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Theorem 1 For all r € N, there exists a hyperelliptic curve H over For
such that the Jacobian variety Jg is completely decomposable into ordinary
elliptic curves and Jg ~ E” x A for some ordinary elliptic curve E and a
(ordinary, completely decomposable) abelian variety A. If r is a Mersenne
prime, there exists a hyperelliptic curve H over Far of genus r whose Jaco-
bian variety is isogenous to the power of one ordinary elliptic curve.

In Section 3 of this paper, we prove the following theorem.

Theorem 2 Let p and ¢ be odd prime numbers such that p generates
(ZJOZ)*/(—1). Then there exists a hyperelliptic curve H over F, of genus
K_Tl such that Jg is isogenous to the power of one ordinary elliptic curve.

Recall that it is Artin’s Primitive Root Conjecture that for a given non-
square integer a # —1, there exist arbitrary large prime numbers ¢ with
(a) = (ZJZ)*. This conjecture has not been proven for a single a. But
it is known that there are at most 2 prime values for a for which Artin’s
Conjecture fails (see [7]). Also, it is proven that Artin’s Conjecture follows
from the Generalized Riemann Hypothesis (see [9]).

The fourth line of the table follows from Theorem 2 and Artin’s Conjec-
ture for prime numbers a.

To the knowledge of the authors, it was not known before whether for
arbitrary large r € N there exists some hyperelliptic curve over some field of
characteristic # 2 whose Jacobian variety is completely decomposable into
r ordinary elliptic curves. The above Theorem 2 also gives an affirmative
answer to this question. Of course, the question raised in [3] whether for all
r € N there exist curves over C of genus > r with completely decomposable
Jacobian variety remains open.

2 Proof of Theorem 1

We use the theory of function fields (in one variable) instead of the theory
of curves. Let us fix the following notation: If K is a perfect field and L|K
is a regular function field, we denote the Jacobian variety of the smooth,
projective model of L|K by Jr.

In the following, by a minimal subextension of a field extension \|x we
mean some intermediate field p of A|x such that p 2 k and u|k does not
contain any non-trivial intermediate field.

We need the following lemma (see [10] and the proof of [5, Theorem 2.1]).

Lemma 1 Let K be a field, let M|K(z) be a Galois extension with Galois
group an elementary abelian £-group — £ an arbitrary prime number — such
that M|K is reqular. Then Jy ~ [[y Jn where N runs over all minimal
subextensions of M|K(x). In particular, g(M|K), the genus of M|K, is
equal to Y N g(N|K).
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All the following extensions of Fo(z) should be regarded as embedded in
a fixed algebraic closure Fy(x). We use Artin-Schreier theory in the formu-
lation of [11, Theorem 8.3].

Fix some algebraic extension K |F; and some o € K\{0}. Let L|K(x) be
the Artin-Schreier extension given by > —y = 2~ ! +aux, i.e. L corresponds by
Artin-Schreier theory to the Fy-vector subspace (z~!+azx) of K(x)/P(K(x)),
where P : K(z) — K(x), £ — &2 — £ is the Artin-Schreier operator. Now
L|K is an ordinary elliptic function field — the ordinarity follows for example
from the Deuring-Shafarevich formula (see [2, Corollary 1.8.]) and the fact
that K L|K (z) has two ramified places —, and .Jy, is an ordinary elliptic curve.

The action of the Galois group Gal(K|Fy) ~ Gal(K (z)|Fz(z)) on K(x)
gives rise to an action on K (z)/P(K(x)), and this action induces an action
by the group ring F»[Gal(K|F)]. Let U be the cyclic module generated by
27! + ax, and let M|K(x) be the extension corresponding to U.

We claim that M|K is regular. Note that the extension KM |K(z) is
given by the image U of U in K(z)/P(K(z)), and U is isomorphic to the
image of U in K(x)/(K U®P(K(z))). One sees easily that U — U is an
isomorphism. It follows that [M : K(z)] = [KM : K(z)], and M|K is

regular.

The minimal subextensions N of M|K (x) all are either rational function
fields or ordinary elliptic function fields. By Lemma 1, Jj; is an abelian
variety which is completely decomposable into ordinary elliptic curves.

For some subextension N of M|K(z) and some o € Gal(K|F) =~
Gal(K (z)|Fy(z)), let o(N) be the image of N in M under some extension of
o to M.

Let V' be the F»-vector subspace of U which consists of the elements of
the form Sz for some § € K. Clearly, [U : V] = 2. Let R be the extension of
K (z) corresponding to V. Then by Lemma 1, the genus of R is zero. Now,
[M: R]=[U:V]=2, thus M is hyperelliptic.

Now let 7 € N. Let a € Fyr, not lying in any proper subfield, let L and
M be defined as above with K = For and a. Let op, |5, € Gal(For|F2) be

the Frobenius morphism. Then for ¢ = 0,...,r — 1, the powers 01%27,% (L)
are pairwise distinct subfields of M. Now, all JU[iF (D) are isogenous to
27 112

Jr, (via a power of the Frobenius homomorphism), and again by Lemma 1,
Ju ~ Jf x A for some (ordinary, completely decomposable) abelian variety
A over Fyr.

It remains to prove the statement on the Mersenne primes.

Let 7 € N be an odd prime. Let 3 be a generator of the F>|Gal(IFar |F)]-
module For (i.e. B, oy, |5, (8), - - - ,a]’F’;‘le (B) form a normal basis of For|F).

Let @o(r) be the (multiplicative) order of 2 modulo 7.

Recall that we have canonical isomorphisms s [Gal(For | )] ~ B [Z/rZ] ~
Fy[z]/(z" — 1) of rings, and we have a decomposition into irreducible factors

2 —=1l=(x—1p1---p = where the p; are pairwise distinct polynomials
wp2(r
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of degree po(r).
Leta = (((@=1)p2-- P21 ) (0, ) (8): Thena ¢ By, (pi(0m,,m,))(@) =

0. Let M be defined as above. Now the assignment f +— For(2)[P~ (27! +
f(om,. k) (@) z)] induces a bijection between the polynomials # 0 of degree
< deg(py) and the minimal subextensions N of M |Fyr(x) with genus 1.
There are 2#2(") — 1 such polynomials, and thus the genus of M is 2#2(") — 1.

Now let r be a Mersenne prime, i.e. r is a prime of the form 2¢ —1. Then
@2(r) = £ and there are 2#2(") — 1 = 7 minimal subextensions N of M [Fy- (z)
of genus 1. These subextensions are equal to the r distinct subextensions
a]}? |F2(L)|F2r (x) of genus 1. Thus Jy ~ Jj. O

3 Proof of Theorem 2

The idea of the proof of Theorem 2 is to consider curves C over a finite field
k such that after some base extension K|k, Jc, has an endomorphism not
defined over any proper subextension of K |k. If additionally J¢ is ordinary,
this endomorphism induces a decomposition of J¢, as is made precise in
the next subsection.

We then apply this general result to hyperelliptic curves in certain al-
gebraic families. These families have already been studied in characteristic
0 in [22]. We use techniques similar to those of [1] to show that they are
generically ordinary.

3.1 Operation on abelian varieties over finite fields

In this subsection, we deal with the following situation:

Let K|k be an extension of finite fields inside the fixed algebraic closure
kof k. Let oy, € Gal(K|k) be the Frobenius morphism, and let £ # char(k)
be a prime. Let A be an abelian variety over k.

Assume furthermore that we are given an 7 € End% (A ) such that

1. the action of Gal(K|k) on End% (Ax) restricts to Q[r] < End%(Ax),
2. 7 is not defined over any intermediate field p of K|k with u C K,
3. Q] is a field.

Proposition 2 Under the above assumptions, the characteristic polynomial
of the Frobenius endomorphism of A has the form f(TUK) for some poly-

nomial f(T) € Z[T| of degree 2?}?},2]4).

As a special case of this proposition, we obtain.

Proposition 3 If additionally to the above assumptions A is ordinary then
A is isogenous to the Weil restriction with respect to K|k of an ordinary
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abelian variety B over K with dim(B) = tK:k] . In particular, Ag ~
Bdim(A)/[K:k} .

Proof of Proposition 3 assuming Proposition 2. Let x 4 be the characteristic
polynomial of the Frobenius endomorphism of A. By Proposition 2, x4 =
f(THR]) for some polynomial f € Z[T] of degree 2?}?},&?. This implies that
XAg = f(T)[Kk]

There exists an (ordinary) abelian variety B over K such that xp = f.
(For every irreducible factor f; of f, there exists some K-simple abelian
subvariety B; of Ax such that xp, is a power of f;. As Ak is ordinary by
assumption, so is B;. This implies that x g, is irreducible, and consequently
that XB; = f’L)

The Weil restriction of B with respect to K|k has characteristic poly-
nomial y5(TH*) = y 4 (see [16, §1 (a)]). This implies that A ~ Resk (B)
(see [18, Appendix 1, Theorem 2]). O

Proof of Proposition 2. By assumption, the action of the Galois group
Gal(K|k) on Q[7] gives an injective homomorphism Gal(K|k) — Aut(Q[r]).
Fix some polynomial p(T') € Q[T] such that ox;(7) = p(7). For i € N,
define p; by po := T, pi+1 := pi(p(T)). Then a;ﬂk(T) = pi(7). This implies
that the elements p;(7) for i = 0,...,[K : k] — 1 are pairwise distinct and
Pk k) (7_) =T. o o

Let Vi(A) := Ti(A) ®z, Qp, Vi(A) := Vo(A) ®q, Qp.

We will show that the characteristic polynomial of the Frobenius endo-
morphism in its operation on T;(A) (or — what amounts to the same — on
Vi(A)) has the form f(TH*) for some polynomial f(T) € Qy[T] of degree

2?}?]%4). As f(TWH) € Z[T], the same holds for f(T).

As by assumption Q[7] is a field, the operation of 7 on V is diagonal-

izable. For some eigenvalue \ of 7 in its operation on V;(A), let VZ‘ be the
corresponding eigenspace.

Let 7, be the Frobenius endomorphism of A over k. Then for P € A(k),
we have m;(P) = o, (P), where o}, € Gal(k|k) is the Frobenius morphism.
This implies amy, = 7, o) (a) for all a € End% (Ak), thus

Tﬁé:ﬂég;'{lk(T) :W]igpi(T) fOFiENo. (1)

Fix some eigenvalue A and some i € N. Then by equation (1), 7} (V;) <
Vgpi(/\). (In particular, p;()\) is an eigenvalue of 7.) Since V;(A) is the direct

sum of the eigenspaces for 7 and 7 is bijective, we have
NaviS Wi vz 0
(Vo) =V

The equation pyg.x (7)

= 7 implies that p(x.4(A) = A. We claim that the
eigenvalues A\ = po(A), p(\) =

P1(A); -+ Pik—1(A) are pairwise distinct.
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To prove this, note that X is a root of x = m, thus Q[A\] ~ Q[T"]/(m(T)) ~
Q[r]. The claim on the eigenvalues follows from the fact that the p;(7) are
pairwise distinct for i =0,...,[K : k] — 1.

We have a direct sum @E’Z&’“l‘l@pi(”) < V;(A) which we denote by
Vi(A\). The operation of 7, on Vy(A) restricts to V;()\), and on this [K :
k| - dim(vg)\)—dimensional space, T can be described by a block matrix of

the form
O M,

I O
I O
where each of the blocks O, I, M) has dimension dim(vg/\).
One sees that on Vy()\), the characteristic polynomial of the Frobenius
endomorphism has the desired form. The result follows from the fact that

Vi(A) = @, Vi(N), where A runs over a certain subset of the set of eigenval-
ues of 7. O

3.2 Some families of hyperelliptic curves

In this subsection, we want to study the p-rank of curves in certain families
of hyperelliptic curves.

Let p be an odd prime. For a field k of characteristic p, a t € k\{£2}
and an odd ¢ prime to p, let Cf (or C; if £ is fixed) be the hyperelliptic curve
over k given the affine equation

y? = (@ +tat +1).
The goal of this subsection is to prove the following proposition.

Proposition 4 There exists an open subset U C Aﬂl;p\{iQ} such that

(a) for every € as above, every field k of characteristic p and everyt € U(k),
the curve C’f s ordinary,

(b) ifi € N;i > 1, then U(E,:) is nonempty.

Fix some /¢, some perfect field k£ containing the ¢th roots of unity and
t € k\{£2}. Choose a primitive 2¢th root of unity (o € k and define an
automorphism 7o of C’f by (z,y) — (C%em, Cory).-
Note that the genus of Cf is £. The holomorphic differentials w; defined
by
- ,d
wizmz_l—x, i=1,...,¢
)
form a basis of HO(CY,Q) (see [25]). Moreover, Topw; = ¢34 'w;. Therefore
w; is an eigenvector of Ty with eigenvalue Cgé_l.
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The Cartier operator @ : H(Cf,Q) — HY(Cf,9) is defined as the dual
with respect to Serre duality of the absolute Frobenius F' : H'(Cf,0) —
HY(Cf,0). Tt is Fy-linear and satisfies CaPw = a Cw (a € k, w € HO(CY,Q)).
It is a bijection if and only if C¥ is ordinary. We want to describe the matrix
of @ with respect to the above basis of H(Cf,€). In order to do so, we
need some more notation.

For i € {1,...,¢}, define j(i) € {1,...,¢} and (i) € {0,...,p— 1} by

21 N [P(25() —1)
2j(i) — 1= ’ (mod 27), ai) = [%] .

Here [-] denotes the integral part, as usual.
Let f := (22 +tox 4+ 1)P-D/2 ¢ E,[t, z] and write f = Zz;}) cpx™ with
¢n € Ey[t]. Note that

o= ¥ ((p—nll)/2> ((p—lzl/:—m)tm.

2n1+no=n

For later use we remark that if n < 251 then deg(c,) = n (because

2
((p 1) /2) £0).
Now let k := E,(t) and let Cf be defined as above.

Lemma 5 For everyi € {1,...,¢}, we have

_A/p
Cwi = ¢, Witi)-
Proof. As the automorphism 7o, commutes with the absolute Frobenius
F in their operation on H'(C, ), the operation of T, on H'(C,) com-
mutes with €. This implies that @ wj; is an eigenvector of T, with eigenvalue
Cé?l_l)/p. In particular, Cw; = v; /p, wj(s), for some v; € k. We want to show
that v, = Cali)-

The Cartier operator extends to an [,-linear operator € on the meromor-
phic differentials which satisfies Chw = h? Cw (h € k(Cf), w € Q(k(CY)). Tt
is well known that €92 = 92 and eaidz = 0if p 1 (i — 1) (see for exam-
ple [25]).

We have

o .d pj (i) d
w; = L1 T (-1 /24— QLT et z
Y yp x

Define g = 2(P~1/2+1=pi00) f (%) and write g = 3", gma™. Then

g

2d()—

Cw; =
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We want to find all m such that g, # 0. The definition of g implies that
9pm = Cn, Where

-1
pm:pT—i—z—pj(z)—i-n@

Recall that the degree of f is p — 1. Therefore, we need to find all n such
that 0 <n <p—1and

p—1+2i—2pj(i)+2nl =0 (mod p). (2)

Because of the equality

p(2j(1) — 1)
20

p(2j(i) — 1)

p(2j(i) — 1) = 26( =

>+2£[ } = (2 — 1) + a(i)2C,

(2) equivalent to 2n¢ = 2¢a(i) (mod p). The only such n is n = «(i). This
proves the lemma. O

Proof of Proposition 4. Let £, k = F,(t) and Cf be as above. Let AO e
the matrix obtained by raising all coefficients of the matrix of the Cartier
operator to the pth power. Lemma 5 shows that A® is the product of a
permutation matrix and the diagonal matrix (ca(i)éi’j)ivj, where 9; ; is the
Kronecker delta. (Note that the «(i) depend on £.) Define

(p—1)/2

Since ¢, = ¢p—1—n, the determinant of A® divides a sufficiently large power
of ®.

Now let k be an arbitrary perfect field of characteristic p, and choose
some tg € k\{£2}. Analogous to above, let Agﬁ) be the matrix obtained by
raising all coefficients of the matrix of the Cartier operator of Cfo to the pth
power. Then AE? is the specialization of Agg) induced by the homomorphism
F,[t] — k, t — to.

This implies that the curve Cj, is ordinary if ®(to) # 0. Now define
U:= A%Fp\({:lﬁ} U{t|®(t) = 0}). Obviously U does not depend on /.

We have already seen that deg(c,) =n for n < %. Therefore

e C

deg(®) = = <p> -2
eg(®) = > 3 p

This proves (b). O
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3.3 Completely decomposable Jacobians

Fix some distinct odd prime numbers p and £. For a field p of characteristic
pand at € k, let Ey be the elliptic curve given by the affine equation

y? = x(2? +tr +1).

We have a cover 7 : C; — Ey, (z,7) — (2, y2zc=D/2).

Let k := Fy, where ¢ is some power of p, and choose some t € k\{£2}.
Let K := IF,[¢].

Let A; be the reduced identity component of the kernel of 7, : Jo, —
Jg, — this is an (¢ — 1)-dimensional abelian variety. It is equal to the com-
plement under the canonical principal polarization of J¢, of 7*(Jg,).

Let 70 := 73,. We have 7*(Jg,) = m*m.(Je,) = A +7/+- -+ (Je,),

* . xl—1
and A; = (1—%)(&;’5). (Note that 147, +- - -+T£*é_l is invariant
under the Galois action and thus lies in End{(Jg,).)
This implies:

Lemma 6 The automorphism 1} restricts to a K-automorphism of (A¢)k
and Q] < End%((A)) k) is a field (isomorphic to Q[(], where oKk €
Gal(K|k) operates by ¢ — ().

Now let i € N,i > 1 and assume that p’ is a generator modulo ¢. By
Proposition 4, there exists some ¢ € F,;\{4-2} such that C; and thus J¢, is
ordinary.

Again let k := F,i, K := k[(s]. Then 7/|4,), is not defined over any
subfield p of K|k with ¢ C K and [K : k] = ¢ —1 = dim(A4;). We can thus
apply Proposition 3 to A;, K|k and 7.

We conclude that A; is the Weil restriction (with respect to K|k) of an
ordinary elliptic curve over K. It follows that Jo, ~ E} ReskK (Et) for some
elliptic curve E; over K. This implies that Jcn,e ~ (Et)k X (va’t)igl.

We have proven:

Proposition 7 Let p and ¢ be odd prime numbers and ¢ € N,i > 1, such
that p* is a (multiplicative) generator modulo £. Then there exists a hyperel-
liptic curve over i of genus £ whose Jacobian variety becomes over F i1
isogenous to the product of one ordinary elliptic curve and the (I—1)th power
of one ordinary elliptic curve.

This proposition already implies the fourth line of the table in the intro-
duction. In order to prove Theorem 2, let us study the hyperelliptic curves
Cy (k arbitrary, t € k\{£2}) in more detail.

In addition to the automorphism 7oy, C} has the automorphism -~ :
(r,y) — (%,wg—zil) of order 2. Let D; be the quotient of C; by this au-
tomorphism, ¢ : C; — D; the covering morphism. D, is given by the
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equation
y2 = Dg($, 1) +1,

where Dy(z,a) = (:””5274‘1)4 + (3‘“7”32*4‘1)4 € k[z] is the ¢-the Dickson
polynomial for a € k* (c.f. [13]). With this equation, ¢ : Cy — Dy is given
by (z,y) = (z+ 271, —wn7z)- This follows from the equation

a a
D —a)=a2" + (=)"
oz +—,a) =2+ ()

We see in particular that D; has genus Z_Tl. Note also that if C} is ordinary
so is Dy. Thus in particular, if ¢ > 1 there exists some ¢ € [, such that Dy
is ordinary.

The covering morphism ¢ : C; — D; induces canonical homomorphisms
c*: Jp, — Jo, and ¢, : Jo, — Jp,. The following argument shows that
the kernel of ¢, : Jo, — Jp, contains 7*(E}), and the image of ¢* : Jp, —
Jc, is contained in ker(m,) = A;.

We have the identity vy, = Tg_l"}/ in Aut(Cy). This identity implies (id 4+
T b Ty = A5 (id ) 1) on J,. This in turn implies that
both A; = ker(id+7; +---+7;71) and 7*(E;) = (id+7/+- -+ 7N (Je,)
are invariant under v*. Now, v* operates non-trivially on 7*(E;). This is
because v is not an Ej-automorphism of C;. Because +* is an involution,
it operates as —id on 7*(E;). Thus 7*(E;) lies in the kernel of 1 + ~*, i.e.
it lies in the kernel of ¢, : Jo, — Jp,. This implies that ¢*(Jp,) lies in
ker(m,) = A, the complement of 7*(FE;) under the Rosati involution.

Let 7 := c.7/c* € Endz[g]((JDt)k[Q]). We are interested in the minimal
polynomial of 7 and the Galois action on Q[7]. !

The homomorphism ¢* induces an isogeny between Jp, and ¢*(Jp,) =
(id +7%)(Je,). In fact, cic® = 2id and ¢"cx|ex(gp,) = 2id. This implies that
we have an isomorphism of rings (with unity) and Galois modules

* 1 *
Endyie, (Tp)ic)) — Endye, (¢ (Inric)), @ = 570l p, )0,

. . . 1 x
Under this isomorphism, 7 corresponds to 3¢ TC*‘C*( Jp,) =

'If A is some abelian variety over some field K, ¢ a prime # char(K), and « is some
endomorphism on A, then the minimal polynomial of « in its operation on V;(A) lies in
Z[T], in particular, it is equal to the minimal polynomial of « in the Q-algebra Q[a]. We
refer to this polynomial as the minimal polynomial of a.

This follows by induction on the degree of the minimal polynomial m, of « in its
operation on V;(A). Indeed, let h be the product of all irreducible divisors of xa, the
characteristic polynomial of . As xa € Z[T] (see [18, §19, Theorem 4]), h has the same
property. Now, h|mg, and the minimal polynomial of h(«) in its operation on V;(A) is
e which lies in Z[T] by induction assumption.
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Seteurietcdlerpy = Bd + 7)) 77 Gd + 7y = (77 +7) i +

7*)|c*(JDt) = (Tl;k +Tg_1)|c*(JDt)‘ 2

Now, Q[r;] < Endg[m((At)k[Q]) is isomorphic to Q[¢,] with 7 «—— (.
This implies that the minimal polynomial of (7} + 7/~ 1)|4, is equal to the
minimal polynomial of (s + ¢, . 1t follows that the minimal polynomial of
7, i.e. the minimal polynomial of (7} + T;71)|C*(JDt), is also equal to the
minimal polynomial of 7, + 7, *. We conclude that Q[7] is isomorphic to
Q[Ce+ ¢ '] with 7 — ¢+ ¢,

Let k = F, for some power g of p. Then under the above isomorphism
Qlr] ~ Q¢ + ¢, 1], the operation of the Frobenius on 7 corresponds to
Co + Ce_l — ¢ + ¢, % Thus 7 is defined over K := F;[¢, + Cz_l} and over
no subfield p of K|k with u C K. Note that Gal(F,[¢, + ¢, ']|F,) ~ (¢) <
(@/ez)" [{-1). |

Let ¢ > 1 such that p’ is a generator of (Z/¢Z)*/(—1). As stated above,
there exists some ¢ € I, \{£2} such that D, is ordinary. We can apply
Proposition 3 to Jp,, k = Fyi, K =F-1)2 and 7.

We obtain that Jp, is isogenous to the Weil restriction (with respect to
K|k) of one ordinary elliptic curve over K. We have proven the following
proposition which is slightly stronger than Theorem 2.

Proposition 8 Let p and £ be odd prime numbers, let i € N,i > 1, such
that p' is a generator of (Z/0Z)*/{—1). Then there erists a hyperelliptic
curve over F: of genus Z_Tl whose Jacobian variety becomes over F i1/
isogenous to the power of one elliptic curve. In fact, there exists such a curve
over i whose Jacobian is isogenous the the Weil restriction with respect to

]Fpi(éfl)/2|Fpi of one ordinary elliptic curve.

Remark 9 In [22], the curves D; have already been studied in character-
istic 0. There it is shown that for £ # 5 the Jacobian of the generic curve
Df over Q(t) is absolutely simple (see [22, Corollary 6]). We think that the
same is true for the generic curve Df over F,(t) for any p. Note however
that by our above results, if p is a generator of (Z/¢Z)*/(—1), for infinitely
many t € Fp, J Dt is completely decomposable.

Remark 10 As above, let p’ be a generator of (Z/¢Z)*/(—1), and let t €
F,\{#2}. We have used the endomorphism 7 on (JDt)]Fq[Q_i_gl] to derive
that x,, = f(T*=1/2) for some polynomial f € Z[T] of degree 2. But this
can also be proven in an alternative way. Note that p’ being a generator
of (Z/0Z)*/(—1) is equivalent to p* generating (Z/¢Z)**. Tt is well known
that the Dickson polynomial Dy(x,a) is a permutation polynomial for I, if

2In particular, 7, 4+ 7; 7' restricts to an endomorphism of ¢*(Jp,). This also follows
from the fact that 7 + 7' and id ++* commute. The calculations in [22, 3.1] are not
necessary to prove this.



ORDINARY ELLIPTIC CURVES 13

ged(q? — 1,1) = 1 (see e.g. [13]). So Dy(x,a) is a permutation polynomial
for all [F,:; with K_Tl 1 j, and consequently, #D;(F,;) = pY 4+ 1 for those j.
It follows that the L-polynomial

[e.e]

L(Dy,T) =exp [ Y (p" + 1 — #Dy(F,)) T
j=1

is a polynomial in TU-1/2 Since y Jp, 1s the reciprocal polynomial of
L(Dy, T), the same holds for x.z,,, .

Remark 11 Instead of the curves Cy and Dy, it might be possible to use
other ordinary hyperelliptic curves whose Jacobians have suitable endomor-
phisms. For example, in [15], some algebraic families of hyperelliptic curves
with real multiplication are given. If one could show that these families of
curves are generically ordinary, they would give rise to new examples of hy-
perelliptic curves whose Jacobians are isogenous a power of some ordinary
elliptic curve, and thus to new examples of high rank elliptic curves. We
have observed that indeed, some of these curves are ordinary.
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